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We compile a list of 14 independent measurements of large-scale structure growth rate between
redshifts 0.067 ≤ z ≤ 0.8 and use this to place constraints on model parameters of constant and
time-evolving general-relativistic dark energy cosmologies. With the assumption that gravity is well-
modeled by general relativity, we discover that growth-rate data provide restrictive cosmological
parameter constraints. In combination with type Ia supernova apparent magnitude versus redshift
data and Hubble parameter measurements, the growth rate data are consistent with the standard
spatially-flat ΛCDM model, as well as with mildly evolving dark energy density cosmological models.
I. INTRODUCTION
The discovery of the current acceleration of the cosmo-
logical expansion has raised the issue of whether this is
due to a new form of matter – dark energy – or whether
the general relativistic description of gravity needs to be
modified. According to general relativity (GR), any form
of energy affects space-time dynamics and so cosmolog-
ical evolution. This fact allows for a very simple phe-
nomenological explanation of the observed accelerated
expansion, attributing it to a cosmological constant Λ,
homogeneously distributed in space and constant in time.
This ΛCDM model [1] is now accepted as the standard
cosmological model. At the current epoch Λ dominates
the energy budget, with nonrelativistic cold dark matter
(CDM) being the next largest contributor, followed by
ordinary baryonic matter in third place. A widely dis-
cussed generalization of ΛCDM is the φCDM model in
which Λ is replaced by a time-varying dark energy den-
sity modeled by a self-interacting scalar field φ [2]. For
recent reviews see [3], [4], [5], and [6]. An alternative
explanation of the accelerated cosmological expansion is
that GR is not the correct description of gravity on cos-
mological scales and must be modified so that on these
large scales gravity has the property of making space ex-
pand with acceleration. For recent reviews of modified
gravity see [7] and [8].
In this paper we assume that GR provides an adequate
model for cosmological gravity and we test various mod-
els of dark energy (DE) as a possible explanation of the
observed accelerated cosmological expansion. In particu-
lar, we consider three models of DE. The first one is the
standard ΛCDM cosmology in which the energy density
of DE does not evolve in time and its equation of state
(EoS) is pΛ = −ρΛ, where pΛ is the pressure and ρΛ the
energy density of DE. Space sections are not assumed
to be flat in this case and the cosmological parameters
that characterize the model are p = (Ωm0,ΩΛ) where
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Ωm0 is the current value of the nonrelativistic CDM and
baryonic matter density parameter and ΩΛ is that of Λ.
The second model we consider is the simplest modifica-
tion of ΛCDM cosmology in which the energy density
of DE is time dependent and its EoS is parametrized as
pX = wXρX , where wX is constant and < −1/3. The
upper limit of −1/3 is a consequence of the requirement
that DE provide positive acceleration. This spatially-flat
XCDM model is the simplest parametrization of dynam-
ical DE, with parameters p = (Ωm0, wX). However, it is
incomplete as it cannot describe density inhomogenities
[see, e.g., 9]. The last model we study is the consistent
quintessence model of DE in which DE is a scalar field.
In particular we consider the much studied spatially-flat
φCDM model [2, 10] whose equations of motion in units
where ~ = c = 1 are
φ¨+ 3
a˙
a
φ˙− κα
2
m 2p φ
−(α+1) = 0, (1)
(
a˙
a
)2
=
8pi
3m 2p
(ρm + ρφ),
ρφ =
m 2p
32pi
(
φ˙2 + κm 2p φ
−α
)
.
Here an over-dot denotes a derivative with respect to
time, a is the scale factor, ρm is the energy density of
nonrelativistic (cold dark and baryonic) matter, ρφ is
that of the dark energy scalar field φ, mp = G
−1/2 is
the Planck mass where G is the gravitational constant,
and α > 0 is a free parameter of the potential energy
density of φ and determines κ which is [see 2, 10]
κ =
8
3
(
α+ 4
α+ 2
)[
2
3
α(α+ 2)
]α/2
. (2)
In the limit α 7−→ 0 the φCDM model reproduces the
spatially-flat ΛCDM cosmology while in the limit α 7−→
∞ it reduces to the Einstein–De Sitter model with no
DE but only CDM and baryonic matter. The value of α
determines the rapidity of the time-evolution of the DE
density, with a larger α corresponding to more rapidly
decreasing DE density. The cosmological parameters of
the φCDM model are p = (Ωm0, α).
2z A(z) σ Reference
0.067 0.4230 0.0550 1
0.150 0.3900 0.0800 2
0.170 0.5100 0.0600 3
0.220 0.4200 0.0700 4
0.250 0.3512 0.0583 5
0.350 0.4400 0.0500 3
0.370 0.4602 0.0378 5
0.410 0.4500 0.0400 4
0.550 0.5000 0.0700 6
0.570 0.4150 0.0340 7
0.600 0.4300 0.0400 4
0.770 0.4900 0.1800 8
0.780 0.3800 0.0400 4
0.800 0.4700 0.0800 9
TABLE I. Growth parameter measurements and 1σ uncer-
tainties. Reference number shown in the last column: 1. [24],
2. [25], 3. [26], 4. [27], 5. [28], 6. [29], 7. [30], 8. [31], 9. [32].
Many different data sets have been used to derive con-
straints on the parameters of the three models we con-
sider here.1 In this paper we use growth-factor mea-
surements to constrain cosmological parameters,2 under
the assumption that GR is the correct model of gravity.
Growth factor data have previously been used to test GR.
Here we find that if we assume GR then growth-factor
measurements provide tight constraints on cosmological
parameters.
Our paper is organized as follows. In the next sec-
tion we discuss the data and the analysis techniques that
we use to derive cosmological parameter constraints. In
Sec. III, we present and discuss our results. Section IV
contains our conclusions.
II. DATA AND ANALYSIS
We use three different types of data to constrain cos-
mological parameters: the growth rate of large-scale
structure (LSS) measurements; supernova type Ia (SNIa)
distance-modulus measurements as a function of redshift;
and Hubble parameter measurements.
A. Growth rate of LSS
In linear perturbation theory the nonrelativistic (cold
dark and baryonic) matter density perturbation δm =
1 See, e.g., [11], [12], [13], [14], [15], [16], [17], and [18]; also see
[19]. For constraints on these and related models from near-
future data see [20], [21], [22], and references therein.
2 For related work with growth factor data, see [23].
δρm/ρm obeys
δ¨m + 2
a˙
a
δ˙m − 4pi
m 2p
ρmδm = 0, (3)
where the scale factor a, with current value a0, is related
to redshift z through 1+z = a0/a. The analytic growing
solution of (3) is
δm(t) ∝ D(z) = 5Ωm0E(z)
2
∫ ∞
z
1 + z′
E3(z′)
dz′, (4)
where E(z) = H(z)/H0 and H(z) is the Hubble parame-
ter whose current value is the Hubble constant H0. D(z)
is normalized such that D(z = 0) = 1. Note, that ana-
lytic solution (4) is valid only for, in general spatially non-
flat, ΛCDM cosmology. In cosmological models where
dark energy density allowed to evolve in time, Eq. (3)
has to be solved numerically, which we do, in order to
compute growth factor D(z) for XCDM and φCDM cos-
mological models.
The observable we use in our analysis is constructed
from the linear theory, redshift-dependent rms mass fluc-
tuations in 8h−1 Mpc spheres (where h is H0 in units of
100 km s−1 Mpc −1) σ8(z) = σ
0
8D(z), where σ
0
8 is the cur-
rent value of σ8(z). We shall also need f(z), the logarith-
mic derivative of the matter density perturbation D(z)
with respect to the scale factor a, f(z) = d lnD/d lna.
Using (4) we find analytic expression for f(z) we use to
compute growth factor in ΛCDM cosmological model
f(z) =
a¨a
a˙2
− 1 + 5Ωm0
2
(1 + z)2
E2(z)D(z)
. (5)
For XCDM and φCDM cosmological models we compute
f(z) numerically. The observable we use is the growth
parameter Aobs(z) = f(z)σ8(z) that also accounts for
the Alcock-Paczynski effect in redshift-space distortions.
The model prediction at redshift z is Ath(z, σ
0
8 ,p) =
f(z,p)σ8(z, σ
0
8 ,p) where p is the vector of cosmological
parameters.
We use a χ2 analysis to derive constraints on cosmo-
logical parameters from growth factor data. χ2 depends
on the cosmological parameters p and σ08 ,
χ2G(σ
0
8 ,p) =
N∑
i=1
[Ath(zi, σ
0
8 ,p)−Aobs(zi)]2
σ2i
. (6)
Here N is the number of data points and σi is the 1σ
uncertainty on measurement Aobs(zi) at redshift zi, see
Table I.3 For our purposes, σ08 is a nuisance param-
eter that we marginalize over. To do so we assume
a Gaussian prior for σ08 determined from cluster ob-
servations by [33], for spatially-flat ΛCDM, with mean
3 For the redshift z = 0.57 bin we use the value for model 2 from
Table 1 of [30] and an average of the upper and lower 1σ uncer-
tainties given for that model.
3σ08(Ωm0) = 0.813(Ωm0/0.25)
−0.47 and 1σ uncertainty
σ
σ0
8
(Ωm0) = (σ
2
σ0
8
+b2)1/2(Ωm0/0.25)
−0.47, where the sta-
tistical uncertainty σσ0
8
= 0.012 and the systematic un-
certainty b = 0.02 are added in quadrature. [33] note that
this relation is also adequate in the non-flat ΛCDMmodel
and for alternative background cosmologies.4 Then the
posterior probability density function that depends only
on the cosmological parameters p is given by
LG(p) = 1
σ
σ0
8
(Ωm0)
√
2pi
∞∫
0
exp

−
χ2G(σ
0
8 ,p)
2
−
[
σ08 − σ08(Ωm0)
]2
2σ2
σ0
8
(Ωm0)

 dσ
0
8 . (7)
Finally, we compute the marginalized χ2G(p) =
−2 ln(LG(p)), and minimize this with respect to param-
eters p to find the best-fit parameter values p0. We
also compute 1σ, 2σ, and 3σ cosmological parameter
confidence contours bounded by χ2G(p) = χ
2
G(p0) + 2.3,
χ2G(p) = χ
2
G(p0) + 6.17, and χ
2
G(p) = χ
2
G(p0) + 11.8,
respectively.
B. SNIa distance modulus
The largest set of data we use are the 580 Type Ia
supernova distance modulus µobs(z) measurements from
the [34] Union 2.1 compilation (covering the redshift
range of 0.015 ≤ z ≤ 1.414). The predicted distance-
modulus is
µth(z) = 5 log10[3000y(z)(1 + z)] + 25− 5 log10(h),(8)
where y(z) is the dimensionless coordinate distance
y(z) =
1√−Ωk
sin

√−Ωk
z∫
0
dz′
E(z′)

 , (9)
and Ωk is the spatial curvature density parameter. Since
the SNIa distance modulus measurements µobs are cor-
related we use χ2 defined through the inverse covariance
matrix χ2SN (h,p) = ∆µ
T C−1 ∆µ. Here the vector of
differences ∆µi = µth(zi, H0,p) − µobs(zi), and C−1 is
the inverse of the 580 by 580 Union 2.1 compilation co-
variance matrix.
C. Hubble parameter
We use 20 Hubble parameter measurements Hobs(z)
and 1σ uncertainties covering redshift range 0.09 ≤ z ≤
4 In this preliminary analysis we use this approximate, empirical
expression for illustrative purposes. However, σ0
8
does (weakly)
depend on the full set of cosmological parameters p in its own
way for every cosmological model, so our analyses are approxi-
mate. Given that our results, described below, are encouraging,
a more careful analysis that accounts for this effect is warranted
and will be discussed elsewhere.
2.3 [35–38], as listed in Table 1 of [39]. We only include
independent measurements of the Hubble parameter, i.e.,
we exclude Hobs(z) points that are possibly correlated
with growth factor measurements in Table I above.
Theoretical expressions for the Hubble parameter fol-
low directly from the Friedmann equation in each model.
In the case of the ΛCDM model,
H2th(z,p) =
H20
[
Ωm0(1 + z)
3 + (1− Ωm0 − ΩΛ)(1 + z)2 +ΩΛ
]
,(10)
while for the spatially-flat XCDM parameterization,
H2th(z,p) =
H20
[
Ωm0(1 + z)
3 + (1− Ωm0)(1 + z)3(1+wX)
]
, (11)
and for the φCDM model,
H2th(z,p) = H
2
0Ωm0(1 + z)
3
+
1
12
(
φ˙2 + κm 2p φ
−α
)
. (12)
We use the same technique to constrain cosmological
parameters from H(z) measurements as we used in Sec.
II A for the growth factor data analysis. First, we define
χ2H(H0,p) in accordance with Eq. (6) where instead of
the growth factor A(z) we insert the Hubble parameter
H(z).
D. Computation of joint χ2(p)
We perform two joint analyses, one for the combination
of SNIa and H(z) data, the other for all three data sets.
For the SNIa+H(z) analysis we multiply likelihood func-
tions from the SNIa data and the H(z) data and then
marginalize this over the nuisance parameter H0 with
a Gaussian prior with mean value H0 = 68.0 km s
−1
Mpc −1 and 1σ uncertainty σH0 = 2.8 km s
−1 Mpc −1
([40], also see [41], [42], [43]) to finally determine the joint
χ2SNIa+H(p) function, which depends only on cosmologi-
cal parameters p. This is then used to find the best-fit
values of p0 and corresponding cosmological parameter
constraints. The second joint analysis, of the SNIa+H(z)
data with the growth factor data, is based on adding their
χ2-functions, χ2Jnt(p) = χ
2
SNIa+H(p) + χ
2
G(p).
4III. RESULTS AND DISCUSSION
We derived cosmological parameter constraints from
combination of SNIa+H(z) data sets as well as from a
joint analysis of all three data sets.5 Our results, pre-
sented in the form of isocontours in cosmological param-
eter space, are shown in Figs. 1, 2, and 3 for the ΛCDM,
XCDM and φCDM models, respectively.
In the ΛCDM model the growth factor data favor
higher best-fit value of a negative spatial curvature pa-
rameter Ωk0 = 1 − Ωm0 − ΩΛ (which corresponds to a
closed, spherical spatial geometry) along with a higher
best-fit value of Ωm0 compared to what other cosmolog-
ical tests favor, such as SNIa, Hubble parameter mea-
surements, BAO and CMB (see for example [11]-[19] and
references therein). In the case of the XCDM parameter-
ization the growth factor data favor a steeper time de-
pendence of dark energy density and also a higher value
of ordinary matter energy density parameter (i.e. equa-
tion of state parameter wX has a lower best-fit value
and Ωm0 has a higher best-fit value) in comparison with
constraints derived from the above-mentioned data sets.
However, for the φCDM model one observes consistent
results for the best-fit values of cosmological parameters
(Ωm0, α) with those previously obtained using the data
sets mentioned above.
Also, our results for the ΛCDM model differ from con-
straints obtained for this model from other analyses of
growth factor data (see [24]-[30]). We suspect that the
reason for this and the reason that the constraining power
of growth rate data has not previously been recognized is
because these data have almost always been used to con-
strain cosmological parameters in the context of modi-
fied gravity models. These modified gravity models have
more free parameters than the models we have consid-
ered here, because we have assumed that general rela-
tivity provides an adequate description of gravitation on
cosmological scales.
The other striking feature of the growth rate data con-
straints is that for all three models they align well with
those of the SNIa+H(z) joint constraints.
IV. CONCLUSION
We have used three general-relativistic DE cosmolog-
ical models to analyze the largest collection of growth
factor measurements to date. We have discovered that
growth factor data constraints on cosmological param-
eters are quite restrictive, roughly close to those from
joint SNIa+H(z) and baryon acoustic oscillations (BAO)
peak length-scale measurements, and less restrictive
than those from cosmic microwave background (CMB)
anisotropy observations.
These growth factor results must be viewed as tenta-
tive, given that this is an area of research that is still
under active development. It is important to continue
to study possible sources of systematic uncertainty – and
given the differences we have found between growth rate
data constraints and these from SNIa and H(z) measure-
ments, it is not unreasonable to suspect that there might
be an as yet hidden source of systematic uncertainty.
It is, however, clear that growth factor measurements
will soon be able to provide cosmological constraints as
restrictive and as reliable as those from CMB anisotropy,
BAO, H(z), and SNIa measurements.
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FIG. 1. 1, 2, and 3σ constraint contours for the ΛCDM model from: growth factor measurements [blue dashed lines with blue
filled circle at best-fit (Ωm, ΩΛ) = (0.41, 0.87) with χ
2
min/dof = 7.65/12]; SNIa+H(z) apparent magnitude data [red dot-dashed
lines with red filled circle at best-fit (Ωm, ΩΛ) = (0.23, 0.59) with χ
2
min/dof = 562/598]; and a combination of all data sets
[black solid lines and black filled circle at best-fit (Ωm, ΩΛ) = (0.28, 0.69) with χ
2
min/dof = 571/612]. The dashed straight line
corresponds to spatially-flat models, the dotted line demarcates zero acceleration models, and the area in the upper left-hand
corner is the region for which there is no big bang.
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FIG. 2. 1, 2, and 3σ constraint contours for the XCDM model from: growth factor measurements [blue dashed lines with
blue filled circle at best-fit (Ωm, wX) = (0.36, -1.34) with χ
2
min/dof = 7.70/12]; SNIa+H(z) apparent magnitude data [red
dot-dashed lines with red filled circle at best-fit (Ωm, wX) = (0.27, -0.90) with χ
2
min/dof = 562/598]; and a combination of all
data sets [black solid lines and black filled circle at best-fit (Ωm, wX) = (0.28, -0.94) with χ
2
min/dof = 571/612]. The dashed
straight line corresponds to spatially-flat ΛCDM models and the dotted curved line demarcates zero acceleration models.
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FIG. 3. 1, 2, and 3σ constraint contours for the φCDM model from: growth factor measurements [blue dashed lines with blue
filled circle at best-fit (Ωm, α) = (0.28, 0.052) with χ
2
min/dof = 8.62/12]; SNIa+H(z) apparent magnitude data [red dot-dashed
lines with red filled circle at best-fit (Ωm, α) = (0.26, 0.302) with χ
2
min/dof = 562/598]; and a combination of all data sets
[black solid lines and black filled circle at best-fit (Ωm, α) = (0.27, 0.300) with χ
2
min/dof = 570/612]. The dotted curved line
demarcates zero acceleration models and the horizontal α = 0 axis corresponds to spatially-flat ΛCDM models.
